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In cytosol: PDE∗ depletes 
y
li
 guanosine monophosphate(
GMP) . . . the lowering of 
on
entration of 
GMP 
auses the
losure of ion 
hannels in the 
ell membrane.This unbalan
e in the 
ux of Ca2+ ions 
auses the 
urrent dropwhi
h triggers the ele
tri
al signal.
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The Mouse Rod Outer Segment: Fun
tions
both 
GMP depletion,and Ca2+-regulated
GMP produ
tionon dis
 hit by pho-ton, extra depletion of
GMP


ell membrane
ux of Ca2+, regu-lated by 
GMP
Assume for simpli
ity that the photon hits the 
enter of the rodouter segment.



The problem: the 
ytosol 
ompartment
The part of the 
as
ade taking pla
e on the disk, is a sour
e ofvariability: the shut o� time of the a
tivated rhodopsin israndom.



The problem: the 
ytosol 
ompartment
The part of the 
as
ade taking pla
e on the disk, is a sour
e ofvariability: the shut o� time of the a
tivated rhodopsin israndom.It has been long known a me
hanism of variability suppressionrelying upon a multistep dea
tivation (and �nal swit
h o�) ofthe a
tivated mole
ule.



The problem: the 
ytosol 
ompartment
The part of the 
as
ade taking pla
e on the disk, is a sour
e ofvariability: the shut o� time of the a
tivated rhodopsin israndom.It has been long known a me
hanism of variability suppressionrelying upon a multistep dea
tivation (and �nal swit
h o�) ofthe a
tivated mole
ule.Here, we investigate the e�e
t of the 
ytosol 
ompartment.



Outline
The Biologi
al PhenomenonThe Mathemati
al ModelsCV in the different models



The 
omplete model: diffusion equationsIn the 
ase of Mouse, we adopt a transversally well stirredmodel (only the longitudinal spatial dependen
e is preserved).
∂u
∂t − Du ∂2u

∂z 2 = −βu +
αmaxKm + αminvmKm + vm , 0 < z < H /2 ,

∂v
∂t − Dv ∂2v

∂z 2 = −
j1V
yto vK1 + v +

j2V
yto unK n2 + un , 0 < z < H /2 .u : [
GMP ℄; v : [Ca2+ ℄.The model has been obtained from the 3-D s
heme throughhomogenization, 
on
entration of 
apa
ity . . . E.g., Du , Dv aree�e
tive di�usivities, taking into a

ount the geometry of thedomain.



The 
omplete model: initial and boundarydata
Initial Data: At time t = 0, we haveu(z , 0) = udark 0 < z < H /2 ,v(z , 0) = vdark 0 < z < H /2 .Here udark, vdark are the equilibrium 
on
entrations at dark.
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e 
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tivatedPhosphodiesterase . . . and the sour
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urrent ex
hanged through its boundary.
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2H H/2∫0 [j satex v(z , t)K1 + v(z , t) + jmax
G u(z , t)nK n2 + u(z , t)n ]dz ,I (t) = 1 −

J (t)Jdark , Jdark = J (0) .We look at the CV = s.d./mean of two fun
tionalsIint =

∞∫0 I (t)dt , CVexp(Iint) ≃ .25 − .35 ,Ipeak = maxt≥0 I (t) , CVexp(Ipeak) ≃ .20 .
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◮ F: feedba
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◮ N: nonlinearityThe 
omplete DFN model:
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Omitting nonlinearity
The DFn model, where equations are linearized:

∂u
∂t − Du ∂2u

∂z 2 = A11(u − udark) +A12(v − vdark) ,

∂v
∂t − Dv ∂2v

∂z 2 = A21(u − udark) +A22(v − vdark) .



Omitting diffusion
The dFN model, stipulating a globally well-stirred assumption:dudt = −βu +

αmaxKm + αminvmKm + vm −
2K ∗H [PDE℄∗σu ,dvdt = −

j1V
yto vK1 + v +
j2V
yto unK n2 + un .
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The random simplified inputWe simplify the random behaviour of [PDE℄∗σ as follows:K ∗[PDE℄∗σ =

{E 0 < t < T ,0 t > T ,where E > 0, and T an exponentially distributed random time,with average 1/λ.
t

K ∗[PDE℄∗σE T



The effe
ts on CV: simplified inputIntegral fun
tional
.94 DFN

.89 Dfn .98 DFn .99 dFn

.84 DfN .97 dFN

.91 dfN

.95 dfn� Di�usion; � Feedba
k; � Nonlinearity.

Peak fun
tional
.27 DFN

.53 Dfn .31 DFn .34 dFn

.50 DfN .32 dFN

.55 dfN

.59 dfn



The effe
ts on CV: realisti
 inputIntegral fun
tionalinput CV(
∫K ∗[PDE℄∗

σ
) = .46

.32 DFN

.34 Dfn .38 DFn .45 dFn

.31 DfN .41 dFN

.40 dfN

.43 dfn� Di�usion; � Feedba
k; � Nonlinearity.

Peak fun
tionalinput CV(maxK ∗[PDE℄∗
σ
) = .31

.15 DFN

.28 Dfn .23 DFn .31 dFn

.24 DfN .27 dFN

.34 dfN

.38 dfn



Con
lusions
◮ We examined the in
uen
e of three fa
tors on thevariability of the rod response: di�usion, feedba
k andnonlinearity, with the aim of singling out the 
ontributionsof ea
h. We 
onsidered only the 
ytosol part of the
as
ade.



Con
lusions
◮ We examined the in
uen
e of three fa
tors on thevariability of the rod response: di�usion, feedba
k andnonlinearity, with the aim of singling out the 
ontributionsof ea
h. We 
onsidered only the 
ytosol part of the
as
ade.

◮ As a measure of variability we 
onsidered two di�erentfun
tionals, integral and peak of 
urrent.



Con
lusions
◮ We examined the in
uen
e of three fa
tors on thevariability of the rod response: di�usion, feedba
k andnonlinearity, with the aim of singling out the 
ontributionsof ea
h. We 
onsidered only the 
ytosol part of the
as
ade.

◮ As a measure of variability we 
onsidered two di�erentfun
tionals, integral and peak of 
urrent.
◮ We 
onsidered both an idealized a
tivation me
hanism, and(just numeri
ally) a realisti
 model of the bio
hemistry:they reveal the same trend.



Con
lusions
◮ We examined the in
uen
e of three fa
tors on thevariability of the rod response: di�usion, feedba
k andnonlinearity, with the aim of singling out the 
ontributionsof ea
h. We 
onsidered only the 
ytosol part of the
as
ade.

◮ As a measure of variability we 
onsidered two di�erentfun
tionals, integral and peak of 
urrent.
◮ We 
onsidered both an idealized a
tivation me
hanism, and(just numeri
ally) a realisti
 model of the bio
hemistry:they reveal the same trend.

◮ Di�usion and nonlinearity have a 
omparable e�e
t inredu
ing variability. This 
omparable role is played in boththe fun
tionals.



Con
lusions
◮ We examined the in
uen
e of three fa
tors on thevariability of the rod response: di�usion, feedba
k andnonlinearity, with the aim of singling out the 
ontributionsof ea
h. We 
onsidered only the 
ytosol part of the
as
ade.

◮ As a measure of variability we 
onsidered two di�erentfun
tionals, integral and peak of 
urrent.
◮ We 
onsidered both an idealized a
tivation me
hanism, and(just numeri
ally) a realisti
 model of the bio
hemistry:they reveal the same trend.

◮ Di�usion and nonlinearity have a 
omparable e�e
t inredu
ing variability. This 
omparable role is played in boththe fun
tionals.
◮ On the 
ontrary the e�e
ts of feedba
k are opposite in thetwo fun
tionals: feedba
k redu
es variability of thesupremum, and in
reases variability of the integral.
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The effe
ts on CV(Iint): simplified vs realisti
Integral fun
tionalsimpli�ed
.94 DFN

.89 Dfn .98 DFn .99 dFn

.84 DfN .97 dFN

.91 dfN

.95 dfn� Di�usion; � Feedba
k; � Nonlinearity.

Integral fun
tionalrealisti

.32 DFN

.34 Dfn .38 DFn .45 dFn

.31 DfN .41 dFN

.40 dfN

.43 dfn



The effe
ts on CV(Ipeak): simplified vs realisti
Peak fun
tionalsimpli�ed
.27 DFN

.53 Dfn .31 DFn .34 dFn

.50 DfN .32 dFN

.55 dfN

.59 dfn� Di�usion; � Feedba
k; � Nonlinearity.

Peak fun
tionalrealisti

.15 DFN

.28 Dfn .23 DFn .31 dFn

.24 DfN .27 dFN

.34 dfN

.38 dfn



Diffusion Feedba
k NonlinearityThe DFN model:
∂u
∂t − Du ∂2u

∂z 2 = −βu +
αmaxKm + αminvmKm + vm , 0 < z < H /2 ,

∂v
∂t − Dv ∂2v

∂z 2 = −
j1V
yto vK1 + v +

j2V
yto unK n2 + un , 0 < z < H /2 ,plus initial and boundary 
onditions, e.g.,Du ∂u
∂z (0, t) = K ∗[PDE℄∗σu(0, t) ,Dv ∂v
∂z (0, t) = 0 .
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Diffusion Feedba
k Nonlinearity
The dFn model:dudt = −

2K ∗H [PDE℄∗σu + A11(u − udark) +A12(v − vdark) ,dvdt = A21(u − udark) +A12(v − vdark) .The 
urrent fun
tionals are also linearized.



Diffusion Feedba
k Nonlinearity
The dfN model:dudt = −

2K ∗H [PDE℄∗σu − βu +
αmaxKm + αminvmdarkKm + vmdark .The di�erential equation is a
tually linear but the 
urrentfun
tional is not linearized.



Diffusion Feedba
k NonlinearityThe dfn model:dudt = −
2K ∗H [PDE℄∗σu − βu +

αmaxKm + αminvmdarkKm + vmdark .The 
urrent fun
tionals are also linearized.
CV

(H2 ∞∫0 (u(t) − udark)dt) =

[1 + 2EH−1
|A11|(1+λ(2|A11|)−1)(1+λ|A11|−1)21 + 2EH−1

|A11|(1+λ(2|A11|)−1) ]
12
,

CV

( sup0<t<∞
|u(t) − udark|) =

1
√1 + 2|A11|λ−1 + 4EH−1λ−1 .



Multistep shutting off
Denote by χ(tj−1,tj ] the 
hara
teristi
 fun
tion of the interval
(tj−1, tj ]. Then the rate equations for G (G-protein) and E(Phosphodiesterase) areGt =

n∑j=1 νjχ(tj−1,tj ](t) − k1GE ,Et = k1GE − k2E ,with initial data G(0) = E(0) = 0 .



ParametersSymbol Units De�nition Valueaint µm2 interior transversal area of the ROS πR2ν/(1 + ν)ain
 µm2 area of the in
isure 0.0367atot µm2 total transversal area of the ROS 2πRσε + aint + ain
apat µm2 patent transversal area of the ROS 2πRσε + ain

αmax µMs−1 maximum rate of 
GMP synthetization 76.5
αmax/αmin suppression rate of 
GMP synthetization 13.9
β s−1 rate of 
GMP hydrolisis by dark a
t. PDE2.9BCa bu�ering power of 
ytoplasm for Ca2+ 20D
G µm2s−1di�usivity of 
GMP 150Du µm2s−1e�e
tive axial di�usivity of 
GMP D
G apatatotDCa µm2s−1di�usivity of Ca2+ 15Dv µm2s−1e�e
tive axial di�usivity of Ca2+ DCa apatatotE µms−1 amplitude of a
t. in simpli�ed model Dfn 6.96
ε µm disk thi
kness 0.0145
F Cmol−1Faraday's 
onstant 96500fCa fra
. of 
urrent 
arried by Ca2+ 0.06H µm height of ROS 23.6



ParametersSymbol Units De�nition Valuej1 µMs−1µm3
oeÆ
ient in eq. for v j satex /(BCaF)j2 µMs−1µm3
oeÆ
ient in eq. for v jmax
G fCa/(2BCaF)jmax
G pA maximum 
GMP-gated 
hannel 
urrent 3550j satex pA saturated ex
hanger 
urrent 1.8Khyd µm3s−1 surfa
e hydrolisis rate by dark-a
t. PDE 2.8 · 10−5k∗ µm3s−1 surfa
e hydrolisis rate by light-a
t. PDE 0.9K µM half-saturating v for GC a
tivity 0.129K2 µM u for half-max 
GMP-gated 
hannel opening20K1 µM v for half-max ex
hanger 
hannel opening 1.6
λ s−1 parameter in the simpli�ed model Dfn 3.60ndis
s number of dis
s 814m Hill 
oeÆ
ient for the e�e
t of GC 2.45n Hill 
oeÆ
ient for the 
GMP-gated 
hannels 3R µm radius of disk 0.7V
yto µm3 
ytoplasmi
 volume atotHudark µM 
on
entration of 
GMP in the dark 3.0750vdark µM 
on
entration of Ca2+ in the dark 0.4363
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